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Experimental tests of Bell's inequality allow to distinguish quantum mechanics from local hidden variable 
theories. Such tests are performed by measuring correlations of two entangled particles (e.g. polarization of 
photons or spins of atoms). In order to constitute conclusive evidence, two conditions have to be satisfied. First, 
strict separation of the measurement events in the sense of special relativity is required ("locality loophole"). 
Second, almost all entangled pairs have to be detected (for particles in a maximally entangled state the required 
detector efficiency is 2(\/2 — 1) ~ 82.8%), which is hard to achieve experimentally ("detection loophole"). By 
using the recently demonstrated entanglement between single trapped atoms and single photons it becomes 
possible to entangle two atoms at a large distance via entanglement swapping. Combining the high detection 
efficiency achieved with atoms with the space-like separation of the atomic state detection events, both loopholes 
can be closed within the same experiment. In this paper we present estimations based on current experimental 
achievements which show that such an experiment is feasible in future. 



I. INTRODUCTION 

In 1935 Einstein, Podolsky and Rosen (EPR) asked the 
seemingly innocent question, whether quantum mechanics 
can be considered complete. If not, this might be cured by 
additional parameters of a physical system (now called local 
hidden variables, LHV) which are not - yet - known to us. 
Later, Bell showed, that experimental tests can be performed 
which allow to decide whether the concept of LHV indeed can 
be used to describe nature. This proposal triggered a series of 
experiments, most importantly by Freedman & Clauser|[ll] and 
by the group of Alain Aspect|2, 3]. More recently, new exper- 
imental techniques enabled Bell-tests with photon pairs from 
parametric down-conversion and, with the realm of quantum 
logic, for trapped ions, nuclear spins etc. 

So far, all experiments to test Bell's inequalities required 
additional assumptions, thus opening loopholes in Bell's 
original argument|4|. The first is called the locality loop- 
hole, in which the correlations of apparently separate events 
could result from unknown subluminal signals influencing the 
measurement results during the observation of an entangled 
pairjsl I^L One experiment was performed with entangled 
photons fri enforcing strict relativistic separation between the 
measurements. But it suffered from low detection efficiencies. 
It thus opens the second loophole by allowing the possibility 
that the subensemble of detected events agrees with quantum 
mechanics even though the entire ensemble satisfies the limits 
for local-realistic theories as given by Bell's inequalities|S|9[]. 
This is also referred to as detection loophole and was ad- 
dressed in an experiment with two trapped ions 1 10], where 
the quantum state detection was performed with almost per- 
fect efficiency. But there the ion separation was too small to 
eliminate the locality loophole. 
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Based on the experiments performed in our group llTll [T2ll . 
a final test of LHV-theories lll3ll comes into reach of our exper- 
imental techniques. For this purpose two photons, each entan- 
gled with a trapped ^^Rb atom, will be distributed far enough 
to ensure space-like separation, see Fig. [T] A projection of 
the photons onto Bell-states serves to swap the entanglement 
to the atoms 1 14] whose states now can be observed with high 
efficiency. This enables the ideal configuration of a so called 
event-ready scheme Ii4ll5i [Till , which does not require any as- 
sumptions at all. 



II. EXPERIMENTAL REQUIREMENTS 

Let us now analyze the experimental requirements. Crucial 
for such a test is a highly efficient state analysis performed by 
space-like separated observations on entangled atoms. Here 
the minimum distance between the atoms is determined by 
the duration of the atomic state detection process. 

The currently used atomic state detection method is a two- 
step process] 11]. It consists of a stimulated Raman adiabatic 
passage technique (STIRAP) which transfers a selected su- 
perposition of the atomic spin states to a different hyperfine 
level (F = 2) and a subsequent detection of the hyperfine 
state. While the STIRAP process is inherently coherent, the 
coherence of the atomic state is destroyed right after the STI- 
RAP sequence by resonant scattering of photons within 300 ns 
with a probability exceeding 99%. Alternatively, the hyperfine 
state detection can be replaced by state-selective ionization 
with subsequent detection of the ionization fragments. By ir- 
reversibly removing the valence electron, the coherence of the 
atom is destroyed (according to calculations) after 200 ns with 
a probability of > 99%. Together with the random choice of 
the measurement basis (100 ns), the STIRAP process (120 ns), 
and flight times of the ionization fragments (< 500 ns) it gives 
an overall detection time of less than 1 /is. The correspond- 
ing distance of 300 m between the atoms for closing the lo- 
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Figure 1: Space-time schematic of the proposed loophole-free Bell 
experiment. Two atomic traps are separated by 300 m, each atom 
emits a photon whose polarization is entangled with the atomic spin. 
The two photons arrive simultaneously on a non-polarizing beam- 
splitter where interference takes place. The coincidence detection in 
the outputs of the beamsplitter (equivalent to a Bell-state measure- 
ment (BSM) on the two photons) signals the projection of the atoms 
onto an entangled state. The signal of successful BSM is sent back 
to both setups, where atomic state detection is started. The detection 
is performed in a randomly chosen basis and has to be finished be- 
fore any classical signal can reach the other side (i.e. within less than 
l^s). 

cality loophole can easily be achieved since the transmission 
losses in optical fibers for the photons used for entanglement 
swapping (wavelength 780 nm) are low (for a demonstration 
of an optical fiber link of 300m length see[12]). We empha- 
size that our scheme is also independent of any detection re- 
lated loopholes, because entanglement swapping enables the 
event ready scheme [4j, ^ ijJJ, where binary measurement re- 
sults are reported for every run, started after a joint photon 
detection event in the Bell-state measurement. For limited de- 
tection efficiency/accuracy, however, the obtained results are 
not always correct. This leads to a reduction of the expected 
spin correlations. The corresponding accuracies of the two 
detection methods are analyzed in this paper and the expected 
violation of Bell's inequality is given. 



A. State-selective atom removal 

The cuiTently used detection of the hyperfine state involves 
state-selective removal of the atoms from the trap, which is 
verified by counting photons collected from the trap region. 
The mean accuracy of this procedure was experimentally de- 
termined to be uhf — 97.8% II15[1 . Together with the accuracy 
of the STIRAP process, ust = 97.25% it results in an over- 
all detection accuracy of a^^'"' = 95%. This number spec- 
ifies the (symmetric) probability for correct identification of 
the analyzed atomic state (i.e. ||) is identified as \[) and ||) 



as It)). A disadvantage of this method due to very low col- 
lection efficiency of only about 10^^ is the long duration of 
sampling fluorescence photons until the outcome can be de- 
termined (10. .20ms). Yet, one should note that decoherence 
(coupling to the environment) already takes place within short 
time (300 ns) by scattering a single photon. 

B. State-selective ionization 

Alternatively, in order to enable a very fast and direct de- 
tection of the atomic state, state-selective ionization can be 
used. Here again a selected superposition of atomic spin states 
is first transferred to 5^53/2, F ^ 2 hyperfine level using the 
STIRAP technique. Then the atom in F — 2 level is optically 
excited to the 5^^3/2, F = 3 level and ionized using an addi- 
tional laser at a wavelength of 473 nm. The rate of this two- 
photon ionization process depends on the available intensity 
of the lasers. We expect to achieve an ionization probability 
of Pionize > 99% within 200ns. The resulting free electron 
and Rubidium ion ^''Rb^ can be detected by channel electron 
multipliers. As it is sufficient to detect at least one of the ion- 
ization fragments, the overall detection efficiency p^iet is given 
by 

Pdet^'^-{'^-Pe){'^-Pion)- (1) 

This method is currently investigated in our group. First cali- 
bration measurements for ionization of Rubidium atoms from 
background gas in a vacuum cell show efficiencies of pe — 
80% and = 60%. The goal is to reach values pe > 85% 
and pion > 65%, which would give a detection efficiency of 
Pdet =95% and better. 

Again it has to be stressed that the efficiency for detection of 
ionization fragments is not the detection efficiency in the Bell 
experiment. Due to the binary nature of the result (either a 
fragment is detected corresponding to the measurement result 
"It)", or it is not detected, corresponding to the measurement 
result "It)", but a result is always given) this efficiency does 
only influence the accuracy of the state detection. 

III. EXPECTED VISIBILITY FOR THE ENTANGLEMENT 
SWAPPING 

For all further considerations we assume that the entangled 
state of atom-photon or two atoms has the density matrix of 
the following form 

p=V\^'){^'\ + il-V)h, (2) 

where V is the visibility, |^) = -ij(|t) |t) ± It) li)) is a maxi- 
mally entangled state and 1 1 is the density matrix of the com- 
pletely mixed state| 16]. In a coiTelation measurement, where 
the relative angle between the measurement bases of the two 
particles is varied, the visibility V describes the difference be- 
tween the maximum and the minimum values (also called con- 
trast) of the observed interference fringe. Given the state rep- 
resented by the density matrix p from (|2]i, the probability to 
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find the two particles in the (pure) state |^) (also called the 
fidelityF)isF = i + |y. 

For any additional error occurring at the further stages of 
the experiment we assume that the density matrix is modified 
like 

where e is the error probability. This assumes that any error 
results in a completely mixed state. For visibility V and fi- 
delity F of the state follows 

y^(i-e)y, 

F^{\-e)F+^-e. (3) 

These relations allow to calculate the influence of different er- 
rors during the transmission of the state, entanglement swap- 
ping, etc. 

In order to generate an entangled pair of atoms, the starting 
situation is the emission of a photon by the atom. During this 
process the polarization of the photon gets entangled with the 
respective atomic spin resulting in the maximally entangled 
statejllll 

l'i'a,-.. = ;^(U).>+) + lt),>-)). 

The two states and defining the atomic qubit, cor- 
respond to the |F = 1, Mf = ±1) Zeeman sublevels of the 
5^8x12, F ~ 1 hyperfine ground level. The purity of this state 
is limited only by the errors in preparation of the excited 
state iHtIi . in our case we assume e^c — 0.5% due to imper- 
fections in the preparation of the initial state and resulting 
off-resonant excitation to different atomic states, leading to 

^ii-p/"'' ~ 99.5%. The smaller visibility observed in the cur- 
rent experiments! 11] is due to errors in the analysis of the 
atom-photon state which are described below. For the gen- 
eration of atom-atom entanglement via entanglement swap- 
ping, the photon propagates via an optical fiber to a different 
location where the two-photon interference takes place. Re- 
cently we have demonstrated an optical fiber link of 300 m 
length! 12], where the polarization errors were kept below 1% 
by active polarization control. Thus the remaining polariza- 
tion errors in the fiber (ep„/ = 1 %) reduce the visibility to 

Va,-pi, = (1 - - ep,,) =. 98.5%. 

This is the atom-photon visibility which is assumed before 
the photons enter the apparatus for the Bell-state measurement 
(BSM). 

In the entanglement swapping process an additional error 
might occur due to mismatch in the two-photon interference 
which is assumed to be essm = 3%. The projection of the two 
atoms onto the entangled state is heralded by the coincidence 
detection (double click) of the two photons leaving two dif- 
ferent output ports of the beamsplitter Conditioned on this 



coincidence, the probability p{\^ )ut-ut) S^*^ the desired 
entangled atom-atom state is 

(1 - eBSM){\ + \yl-ph) + \eBSM - 95.6%, (4) 

where the influence of the error cbsm follows from 

Dark counts in the single photon detectors of the Bell-state 
analyzer will add spurious events. The fraction of wrong coin- 
cidence events is calculated as follows. The probability to get 
a photon from the first trapped atom at the beamsplitter is T]i = 
1.3 • lO""* X 0.6 = 0.78 • 10"\ where the first number is the 
local efficiency for the generation of entangled atom-photon 
pairs (including the detection efficiency of single-photon de- 
tectors), while the second number accounts for the coupling 
and transmission losses in the fiber, as well as the limited time 
window for the coincidence detection. For the photon from 
the second atomic trap this number is higher due to the higher 
numerical aperture, Tj2 = 2.0 • 10^^ x 0.6 —1.2- 10^^. There- 
fore the probability to detect a coincidence of the two photons 
is 

PcZ^idence = \mri2 = 2.34 -10-'. (5) 

The factor ^ accounts for the fact that only one out of four 
photonic Bell-states is detected. A "wrong" coincidence hap- 
pens if one photon arrives at the beamsplitter and is detected 
in one detector while the other detector produces a dark count 
within the coincidence time window. For the detectors which 
will be used for this purpose (Perkin-Elmer SPCM-AQR15) 
the dark count rate is r^c < 50cps. For a coincidence time 
window of Ar = 40 ns the probabihty of such an event is 

« (^1 + ri2)r,cAT = 3.96 • 10"^. 

As the probability of detecting two dark counts as coincidence 
is negligible (4- 10^^^), the fraction of wrong events in the 
coincidence detection is eiic — 1.68%. Applying the relations 
(O to the fidelity from (HJi we obtain a resulting fidelity of 
Fa,-a, = 94.4% and visibility of y„,_„, = i(4F„,_„f - 1) = 
92.5%. 



IV. EXPECTED VIOLATION OF BELL'S INEQUALITY 

For the experimental test of the CHSH formulation of Bell's 
inequality, the parameter S is measured, which is defined as 

S:= \{aa(yp) + {cTa'CTp)\ + \{aaCTp>)-{aa'(yp,)\. (6) 

Here (aaOp) is the expectation value of joint measurements 
on the spins of two particles where one spin is analyzed at an 
angle a and the other one at an angle j3 (we define these angles 
in terms of light polarization in the laboratory frame). Accord- 
ing to Bell's theorem, any theory with local hidden variables 
predicts S <2. In quantum mechanics S = 2V2 is reached, 
e.g. for a = 0°, a' = 45°, /3 = 22.5°, j3' = -22.5°. 
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In an experiment we measure the number of events 
"ii"' "Ti"' "it"^ where the "ups" and "downs" are the orien- 
tations of the spins with respect to the corresponding analysis 
directions o:,j3. We shall call these numbers Nj'^'^\ N^"'^\ 
Ni'^'^\ n\?'^\ while the total number of events per setting 
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(a,j3) is N^^^Nlf^ +Nlf^ +N\f\ The expec- 



'TT ^ ''ii 
tation values are calculated as 



We note that 



-n["'I^^)-1. (7) 
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,r(a,B) (a.j3) 
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where 



are the probabilities for both particles to be measured in the 
state It) (I J,)) along their respective analysis direction. For the 
atomic states the relations 

It)^"^ =cos(j3 - a) It)'''' + sin(/3 - a)\i)^f^^ 
U)<«) -cos(j3 - a) |i)(^' - sin(j3 - a) It)*''' 

hold and therefore 

\^-) = ^{\lP\^p-\^P\iP) 
= ^ (cos(^ - a) \]p |i)f - sin(^ - a) |t)l"' |t)f 
-cos(j3 - a) U)("' |t)f - sin(j3 - a) U)f 



The probabilities pl^"'^\ P^ '^' explicitely calculated in 
the following by applying the experimental detection proba- 
bilities and accuracies depending on the detection method. 



/2 

(a.l3) 



of detecting both particles in the state |t), respectively ||) 
along the directions (a,j3). Inserting this into dH [T] [8]l we 
determine the expected parameter S 



5(/''■■)=2^/2y„,_„,(2flrf,,-l) 



(10) 



Jflr.) 



: 95% this gives S'- f'"'^ =2.12, cor- 



Fory„,_„,=92.5%,fl^,^, 
responding to an observable atom-atom visibihty of y (■^''■■) 



74.9%. 



B. Atomic state analysis via state-selective ionization 

The limited detection efficiency for the ionization frag- 
ments leads to an asymmetry in the accuracy for the two mea- 
surement outcomes. The result where one of the channel elec- 
tron multipliers registers a particle definitely means that an 
ionization has taken place (the probability of a dark count is 
low and therefore neglected). However, the result where no 
particle is registered contains also the events where the ion- 
ized fragments were not detected lTsll . The probabilities in 
this case are 



^TT ~4 



(1 - Va,-ati2asT - l)2cos(2(j3 - a))) 



1 
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X ( 1- 



j:^-!^Var-ar{2asT - l)2cos(2(j3 - a))) , 

(11) 

where we have set p^i — ptonize • Pdet for brevity. The parameter 
S is then given by 

S^^"-'-^^^2V2Vat-atpl{2asT-lf-2{\-p,f. (12) 

This expression is exactly valid for pd> (1 + v^)^'- For the 
parameters Vat-ut — 92.5%, a^T — 97.25%, pd — 95% we get 
Si'""'<) =2.\Q. 



V. STATISTICAL UNCERTAINTY FOR THE VIOLATION 
OF BELL'S INEQUALITY 

In order to violate Bell's inequality the value of 5 > 2 has 
to be measured with sufficient statistical significance. Calling 
the standard deviation of the measured value AS', it has to be 
assured that 



A. Atomic state analysis via state-selective atom removal and 
fluorescence detection 

When the entangled atom-atom state (|2|l with an initial vis- 
ibility Vat-at is analyzed, we expect the probabilities 



(a,/3) _ (a,(3) 

''tt ~Pii 

= \ {l-Va,-at{2ade, - if C0^[2{^ - a))) . (9) 



5-2 



(13) 



where k is the number of standard deviations for the violation. 
Taking ^ = 3 gives a confidence level of > 99.73%. The stan- 
dard deviation AS depends on the number of measured events 
and shall be calculated in the following. 

Using Gaussian error propagation we get from (|7]l 



A (a, 



' N, V TT 



5 



The uncertainty of 5 is 

AS= Jf^A{Zopf, (14) 

where a = 0°,45°, j3 = 22.5°, -22.5°. 

Next, the statistical uncertainties of the event numbers have 
to be determined. Here we note that for a Bernoulli experi- 
ment the standard deviation of the expectation value is given 
by 

^ii = V^A^UPull -ni) = VA^7pu(1 -PU)- (15) 

With these expressions the uncertainty of the S parameter is 
calculated for the two considered detection methods. 




atom-atom visibility V 

Figure 2: Number A' of events necessary to violate Bell's inequality 
by 3 standard deviations using fluorescence detection as a function 
of the expected atom-atom visibility V = Vat-at{2aitet — 1)^- 



A. Fluorescence detection 

Using the expression ^ and taking the specific angles for 
the Bell measurement we obtain 

(a,/3)_ («,/?)_ 1,1 . 

where V = Vat-at{'2ajgt — 1)^, the "-" sign is valid for the set- 
tings (0°,±22.5°), (45°, 22.5°) while the "H-" sign appears in 
the setting (45°, —22.5°). This expression is inserted into (flST l 
giving 

Therefore for (a,j3) equal to (0°,±22.5°) and (45°, 22.5°) 
and for (a,j3) equal to (45°, -22.5°) 
Using (O we finally get 

V2Vn 

(16) 



where = 4A^, is the total number of events for all four set- 
tings together. 

Inserting this result into the expression for violation of 
Bell's inequality ( fTlT l we can estimate the number of events 
necessary to achieve a certain confidence level. Figure |2] 
shows the dependence of the number of events for a vio- 
lation by 3 standard deviations as a function of the expected 
atom-atom visibility V ~ Vut-at{^aiigt — 1)^. For a visibility 
of y = 74.9% we get N = 2600. 



B. Ionization detection 

Using the expression ( fTTI ) and taking the specific angles for 
the Bell measurement we obtain 

''n'"=J''ii('=f7j''«-P*r -')")' 

where pd = pwnize • Pdet- Again the "-" sign is for the settings 
(0°,±22.5°), (45°, 22.5°) while the "H-" sign appears in the 
setting (45°, —22.5°). These are used for calculation of the 
uncertainty of the S parameter similar to the previous section. 
It is again inserted into ( fT3] l to estimate the necessary num- 
ber of events. Figure [3] shows the dependence of the required 
number of events on the detection efficiency. Here we have 
assumed Vat-at{^asT ~ 1)^ = 82.6%. For the detection effi- 
ciency Pd — 95% we get A^ = 3470 events. 



VI. EXPERIMENTAL EVENT RATES AND 
MEASUREMENT TIME 

In this section we estimate the repetition rate of the two- 
atom experiment and the overall measurement time necessary 
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Figure 3: Number A' of events necessary to violate Bell's inequality 
by 3 standard deviations with ionization detection as a function of 
the electron/ion detection efficiency (including ionization proba- 
bility). The assumed atom-atom visibility excluding the ionization 
detection efficiency is Vat-atC^asT ^ 1)^ = 82.6%. 

to violate Bell's inequality with sufficient statistical signifi- 
cance. In the current experiment, the sequence for gener- 
ation of atom-photon entanglement consists of the prepara- 
tion of the initial state by optical pumping (~ 5 jtis) and ex- 
citation. Currently after every 20 preparation-excitation cy- 
cles the atom has to be cooled for 200 /xs, which gives ad- 
ditional 10 /IS per cycle. For the remote entanglement the 
emitted photon will be sent over an optical fiber of about 
200 m length to the place where entanglement swapping is 
performed. Therefore a waiting time of ^'^j'""' = 2 /xs is nec- 

essary to send the photon and to receive a signal about the 
success or failure of the entanglement swapping procedure. 
This gives altogether 17 /is per cycle and a repetition rate of 
58.8kHz. Assuming a mean occupation number of each trap 



of 0.5 we get the duty cycle of the two-trap system of at least 
(0.5)2 ^ 0.25. This results in an effective repetition rate of 
0.25 • 58.8kHz = 14.7 kHz. Together with the success proba- 
bility Q of the entanglement swapping process of 2.34 • 10^^ 
we expect 1 atom-atom event in approximately 5 minutes. De- 
pending on the detection method it is necessary to evaluate 
between 2600 and 3470 atom-atom events in order to vio- 
late Bell's inequality by 3 standard deviations. This requires 
a continuous measurement time between 9 and 12 days. By 
detection of a second Bell state during the BSM I19|1 this mea- 
surement time could be reduced by a factor of two. 



VII. SUMMARY 

We have shown the feasibility of a loophole-free test of 
Bell's inequality with entangled pairs of neutral atoms. By si- 
multaneously exciting two single Rb atoms in remote traps 
and detecting interference of the emitted photons it should be 
possible to entangle the atoms with a high fidelity. The two 
available methods of atomic state detection allow to violate 
Bell's inequality by achieving an 5 ^ 2.1 > 2 and to evaluate 
the complete ensemble of entangled atom pairs (i.e. without 
the need for a fair sampling assumption). Additionally, strict 
space-like separation of measurement events is obtainable by 
using a distance between the atomic traps of 300 m. Although 
very challenging, this approach is a promising candidate for 
a conclusive test of quantum mechanics against theories with 
local hidden variables. 
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